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SUMMARY 

A pa rame te r   e s t ima t ion   t echn ique  has been  used t o   a n a l y z e   t h e  August  1975 
Nimbus 6 E a r t h   r a d i a t i o n   b u d g e t  (ERB) data t o   d e m o n s t r a t e  t he  concep t   o f  decon- 
v o l u t i o n .  The  longwave r a d i a t i o n  f ie ld  a t  the   t op   o f  t h e  atmosphere is def ined  
from sa te l l i t e  data by a f i f t h  degree and f i f t h  o rde r   sphe r i ca l   ha rmon ic   r ep re -  
s e n t a t i o n .  The v a r i a t i o n s   o f  t h e  m a j o r   f e a t u r e s   o f  t he  r a d i a t i o n  f i e l d  are  
def ined by ana lyz ing  t h e  data s e p a r a t e l y   f o r   e a c h  two-day du ty   cyc le .  A table 
of c o e f f i c i e n t   v a l u e s   f o r   e a c h   s p h e r i c a l   h a r m o n i c   r e p r e s e n t a t i o n  is given   a long  
w i t h   g l o b a l  mean, g r a d i e n t s ,  degree v a r i a n c e s ,   a n d   c o n t o u r   p l o t s .   I n   a d d i t i o n ,  
t h e  e n t i r e  data set  is a n a l y z e d   t o   d e f i n e  t h e  mon th ly   ave rage   r ad ia t ion  f i e l d .  

INTRODUCTION 

The importance  of  measuring  and  determining t h e  E a r t h ' s   r a d i a t i o n   b u d g e t  
(ERB) on g l o b a l ,   z o n a l ,   a n d   r e g i o n a l  scales h a s  been   ind ica ted  by prev ious  
s t u d i e s  ( refs .  1 and 2 ) .  S ince  t h e  atmosphere is d r i v e n  by r a d i a t i o n ,  a knowl- 
edge o f  t h e  r a d i a t i o n   b u d g e t  is e s s e n t i a l   f o r   u n d e r s t a n d i n g   a t m o s p h e r i c   p r o c e s s e s  
( r e f s .  3 and 4 ) .  Much o f   ou r   unde r s t and ing   o f  large-scale a tmospher ic   p rocesses  
was made p o s s i b l e  by s a t e l l i t e  measurements  of Ear th ' s  rad ia t ion   budget   and  t h e  
ensu ing   ana lys i s .  

Deconvolution by Parameter Es t imat ion  

The ERB experiment   aboard t h e  Nimbus 6 s p a c e c r a f t  has provided   va luable  
data from its wide f i e l d  of   view (WFOV) r ad iomete r s .  Each data po in t  is an  
i n t e g r a l   o f  t he  i r rad iance   f rom a l l  p o i n t s   w i t h i n  t h e  f i e l d  of   v iew  of  t h e  
WFOV s e n s o r ,  a c i r c u l a r   r e g i o n  on t h e  Ear th  approximately 600 i n  diameter. 
F. B. House of   Drexel   Universi ty   proposed t h a t  such da ta ,  be ing  a convolu t ion  
o f  t h e  f l u x  f i e l d  a t  the  t o p   o f  t h e  atmosphere,   could be deconvoluted  to   enhance 
the r e so lu t ion .   Subsequen t ly ,  the problem was so lved  by Smi th  and  Green 
(refs. 5 t o  7 ) .  Because  of t h e  s t a t i s t i c a l  n a t u r e   o f  t he  problem, a parameter 
e s t ima t ion   approach   t o  t h e  deconvolution  problem was formula ted .  T h i s  tech- 
nique was s imula t ed   fo r   bo th  emitted and reflected r a d i a t i o n  (wide and medium 
f i e l d  o f   v i ew) .   Pa rame te r   e s t ima t ion   ve r i f i ed   t he   deconvo lu t ion   concep t   and  
h e l p e d   t o   d e f i n e  t h e  p r o p a g a t i o n   o f   e r r o r s  ( r e f .  8 ) .  The e i g e n f u n c t i o n s   o f  t h e  
measurement  operator were a l s o  shown ( r e f .  7 )   t o  be sphe r i ca l   ha rmon ics   fo r  
emitted r a d i a t i o n   m e a s u r e m e n t s ,   u n d e r   c e r t a i n   c o n d i t i o n s .   P r e s e n t e d   i n  t h i s  
paper  are d i s c u s s i o n s   o f  the deconvolu t ion   es t imat ion   concept   and   resu l t s  
ob ta ined  by its a p p l i c a t i o n   t o  the  August  1975 Earth-emitted r a d i a t i o n  data 
obta ined  w i t h  t h e  W O V  ERB sensor   aboard  t h e  Nimbus 6 sa te l l i t e .  

The pa rame te r   e s t ima t ion   approach   t o   deconvo lu t ion  is f o l l o w e d   i n  t h i s  
pape r .   Bas i ca l ly ,  t he  r a d i a t i o n  f i e ld  a t  t h e  top   o f  the atmosphere is modeled 
i n  terms o f  a l i n e a r   c o m b i n a t i o n   o f  base f u n c t i o n s .  The i n f l u e n c e   c o e f f i c i e n t s ,  
or shape factors,  are then  computed. These i n f l u e n c e   c o e f f i c i e n t s  describe t h e  



i n f l u e n c e   o f  model  parameters on t h e  radiat ion  measurements  a t  sa te l l i t e  a l t i -  
tude  and  enable  t he  measurements t o  be  expressed as a l inea r   combina t ion   o f  
t h e  model  parameters.   This  system  of  simultaneous  measurement  equations i s  
so lved  by t h e  Gauss-Markoff  theorem. The pa rame te r   e s t ima t ion   approach  is 
q u i t e   g e n e r a l   a n d  w i l l  accommodate v a r i o u s   s e n s o r   m o d e l s ,   s p a t i a l l y   v a r y i n g  
d i r e c t i o n a l   m o d e l s   f o r   t h e   r a d i a t i o n   i n t e n s i t y ,   a n d   e l l i p t i c a l   o r b i t a l  
geometr ies .  

Under c e r t a i n   c o n d i t i o n s ,  the  e i g e n f u n c t i o n s   o f  t h e  measurement  operator 
are spher ica l   harmonics .  If t h e s e   c o n d i t i o n s  are met, one  can take advantage 
o f  t h i s  by d e f i n i n g  the  base funct ions,   which  model   the  radiat ion f i e ld ,  as 
spher ica l   harmonics .  The two c o n d i t i o n s  are: t h e  senso r   i n t eg ra t e s   i ncoming  
r a d i a t i o n   o v e r  i ts  f i e l d  of   view,  w i t h  its d i r e c t i o n a l   r e s p o n s e  a f u n c t i o n   o f  
nad i r   ang le   on ly ;   and  t h e  d i r e c t i o n a l   d e p e n d e n c e   o f   e x i t i n g   r a d i a t i o n  a t  any 
p o i n t  a t  t h e  t o p   o f  the  atmosphere is a f u n c t i o n   o n l y   o f  t h e  z e n i t h   a n g l e   o f  
t he  e x i t i n g   r a y .  The first c o n d i t i o n  is satisfied by the  ERB radiometer  which 
is modeled by a p e r f e c t l y  b lack  f l a t - p l a t e   s e n s o r   w i t h  a cos ine   nad i r - ang le  
response .  The second  condi t ion  s ta tes  t h a t   t h e  d i r e c t i o n a l   f u n c t i o n  i s  inde- 
pendent   o f   l a t i tude ,   longi tude ,   and   az imuth   and  is a f u n c t i o n   o f  t h e  z e n i t h  
ang le   on ly .  That  is ,  o n e   d i r e c t i o n a l   f u n c t i o n   s e r v e s   t o  describe t h e  direc- 
t i o n a l   d e p e n d e n c e   o f   e x i t i n g   r a d i a t i o n   f o r  t h e  e n t i r e   g l o b e .  This  is a reason- 
able  assumption  for   longwave  radiat ion.  

Not  enough is c u r r e n t l y  known about  the  s p a t i a l   v a r i a t i o n   o f  the direc- 
t i o n a l   d e p e n d e n c e   o f   e x i t i n g   r a d i a t i o n   t o  model i t  e f f ec t ive ly .   Moreove r ,  it 
has been shown i n   r e f e r e n c e  8 that  t h e   g r o s s   f e a t u r e s   o f  the  longwave r a d i a t i o n  
f i e ld  are r a t h e r   i n s e n s i t i v e   t o  t h i s  assumption. For these r e a s o n s ,  t h e  base 
functions  have  been  chosen as spher ica l   harmonics .   This   approach  has s e v e r a l  
advantages .  The measurement   opera tor   in tegra tes  t h e  incoming  rad ia t ion   over  
t h e   s e n s o r  f i e l d  of  view. The i n f l u e n c e   c o e f f i c i e n t s  are e x p r e s s e d   i n  terms 
o f  t h i s  i n t e g r a t i o n ,  which i s  normally  performed  by a numer i ca l   quadra tu re  
formula. T h i s  n u m e r i c a l   i n t e g r a t i o n   r e q u i r e s   c o n s i d e r a b l e   c o m p u t a t i o n a l   e f f o r t  
a n d   i n t r o d u c e s   e r r o r s   i n t o  t h e  e s t i m a t i o n   p r o c e s s .   S i n c e   s p h e r i c a l   h a r m o n i c s  
are e i g e n f u n c t i o n s   o f  t h e  measurement  operator,  the problems  assoc ia ted  w i t h  
numer i ca l   i n t eg ra t ion  are t o t a l l y   e l i m i n a t e d .  The i n c r e a s e   i n   a c c u r a c y ,   d u e  
to   an   exac t   quadra ture   formula ,   and  the  decrease i n   c o m p u t a t i o n a l   e f f o r t  are 
f e l t  t o  outweigh the consequences   o f   model ing   the   d i rec t iona l   response   for  
longwave r a d i a t i o n  as a f u n c t i o n   o f  t he  zeni th   angle   only.   Another   advantage 
i s  tha t  t h e  r a d i a t i o n  f i e l d  is expres sed   i n  terms o f   sphe r i ca l   ha rmon ics  which 
are conven ien t   fo r   comput ing   o the r   desc r ip t ive   quan t i t i e s ,   such  as t h e  s p a t i a l  
spec t rum  o f   t he   r ad ia t ion  f i e l d .  Thus, the  pa rame te r   e s t ima t ion   t echn ique  i s  
formula ted   in  terms of   spher ica l   harmonics   which   s impl i fy   the   deconvolu t ion   and  
f ac i l i t a t e  i t s  unders tanding .   S ince  the  Nimbus 6 o r b i t  i s  c i r c u l a r  ( a l l  mea- 
surements a t  t h e  same a l t i t u d e )  and t h e  measurement   errors  are modeled a s  inde- 
pendent   random  var iables ,  t h e  parameter e s t i m a t i o n   t e c h n i q u e  is f u r t h e r  
s i m p l i f i e d .  

Background 

The Nimbus 6 ERB WFOV data f o r  August 1975 have  been  analyzed by v a r i o u s  
i n v e s t i g a t o r s   u s i n g   d i f f e r e n t   t e c h n i q u e s .   I n   t h e   p a s t ,  t h e  data have  been 
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analyzed on a m o n t h l y   b a s i s   t o   y i e l d   a n   a v e r a g e   r a d i a t i o n  f i e ld  f o r  the  month. 
This   procedure,   however ,   g ives   no  information  on how  much the  r a d i a t i o n  f i e l d  
var ies   dur ing   the   month .  A monthly  average is d e s c r i p t i v e   o f   t h e  data only  when 
t h e   v a r i a t i o n s   d u r i n g   t h e  month are small. I n  t h i s  paper ,   the   t empora l   var ia -  
t i o n   d u r i n g   t h e  month is i n v e s t i g a t e d  by d i v i d i n g   t h e  month i n t o   e i g h t   p e r i o d s  
of   four   days  each  and  analyzing the  data f o r  each pe r iod   s epa ra t e ly   t o   p roduce  
a s h o r t  time h i s t o r y   o f  the  Ea r th  emitted r a d i a t i o n  f i e l d .  T h e s e   r e s u l t s  are 
then  combined t o   o b t a i n   t h e   m o n t h l y  mean r a d i a t i o n  f i e l d .  An a n a l y s i s   o f   t h e s e  
data, r e p o r t e d  by Smith e t  a l .  (ref.  g ) ,  def ined   the   month ly  mean r a d i a t i o n  
f i e l d  by a g l o b a l   c o n t o u r   p l o t   a n d   t h e   g l o b a l  mean. The data a n a l y s i s  tech- 
n i q u e   ( h e i g h t   r e c t i f i c a t i o n )  employed a geomet r i c   shape   f ac to r  .1 The same data 
were analyzed by  Weaver ( ref .  10)  whose  approach  used  the  geometric  shape fac- 
t o r .  It is wor th   no t ing   the   re la t ionship   be tween  parameter   es t imat ion   and  
h e i g h t   r e c t i f i c a t i o n  whereby the  r a d i a t i o n  f i e l d  a t  the top   of   the   a tmosphere  
is computed by m u l t i p l y i n g  the  measurements by a s i n g l e   c o n s t a n t  or shape fac- 
t o r .  The h i g h   o r d e r  terms are a t t e n u a t e d  by the  WFOV measurement.  Height 
r e c t i f i c a t i o n   d o e s   n o t   c o m p e n s a t e   f o r  t h i s  a t t e n u a t i o n .  Parameter e s t i m a t i o n ,  
however,   compensates  for t he  h igh   order   a t tenuat ion   and   should  lead t o  more 
a c c u r a t e   r e s u l t s .   A n o t h e r   a n a l y s i s   o f   t h e s e  data, by Green  and  Smith ( re f .  l l ) ,  
def ined  t h e  monthly mean r a d i a t i o n  f i e l d  by a 12th   degree   spher ica l   harmonic  
c o n t o u r   p l o t .  T h i s  a n a l y s i s  was based on t h e  parameter e s t ima t ion   t echn ique  
with t h e  added assumption t h a t  t h e  data can be averaged  over 5 O  by 5 O  areas a t  
t h e  t o p   o f  t he  atmosphere.  T h i s  assumption  reduces t h e  c o m p u t a t i o n a l   e f f o r t  
b u t  i n t r o d u c e s   e r r o r  by smoothing the data.  Green  and Smi th  a l s o   p r e s e n t  a 
15 th   deg ree   sphe r i ca l   ha rmon ic   con tour   p lo t   i n   r e f e rence   12 .  T h i s  a n a l y s i s  was 
a c t u a l l y   e x t e n d e d   t o   d e g r e e  36 to   demonst ra te  the i l l -posed   na tu re   o f  t h e  decon- 
volu t ion   problem.   Def in i t ion   o f  the r a d i a t i o n  f i e l d  t o  degree 36 by t h e  param- 
e t e r   e s t ima t ion   approach ,   however ,  would r e q u i r e  t h e  i n v e r s i o n   o f  a p roh ib i -  
t i v e l y  large m a t r i x .   T h e r e f o r e ,   t h e  data were averaged over 5 O  by 5 O  areas   and  
the  r a d i a t i o n  f i e ld  was ob ta ined  by a p p r o x i m a t i n g   t h e   o r t h o g o n a l i t y   o f   s p h e r i c a l  
harmonics. T h i s  approach i s  n e c e s s a r y   t o   o b t a i n  estimates of   the   h igh   f requency  
components  of t he  r a d i a t i o n  f i e l d ,  bu t  it is no t   necessa ry  or desirable f o r  t h e  
low frequency  components  such as the  g l o b a l  mean, po le- to-pole   g rad ien ts ,   and  
pole- to-equator   g rad ien ts .  

Ob jec t ives  

The pu rpose   o f   t h i s   pape r  is to   demons t r a t e   t he   pa rame te r   e s t ima t ion   t ech -  
n ique   wi th   the  Nimbus 6 ERB data. S ince  t h i s  approach   y ie lds  the best (minimum 
v a r i a n c e )   u n b i a s e d   l i n e a r  estimate o f  the  r a d i a t i o n  f i e l d  wi th in   the   model ing  
assumpt ions ,  it is f e l t  t o   g i v e  more a c c u r a t e   r e s u l t s   t h a n   p r e v i o u s l y   r e p o r t e d .  
The a n a l y s i s  is described i n  de t a i l  and the  r e s u l t s  are p r e s e n t e d   i n   n u m e r i c a l  
form so  that  direct  comparisons  can be made. P r e v i o u s l y   r e p o r t e d   r e s u l t s  are 
inadequa te   fo r  t h i s  purpose.  

1Private  communication. 
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SYMBOLS 

m m  
an 9 bn 

B 

c 

'n 9 'n 
m m  

d U  

F 

g(a> 

h 

I 

k 

L 

m 

M 

N .  

Pm n 

Q 

R 

Re 

RMS 

X 

m m  
'cn 9 'sn 

c1 

complex c o e f f i c i e n t s   o f  spherical harmonics,  W/m2 

o b s e r v a t i o n  matrix 

v e c t o r   o f   s p h e r i c a l   h a r m o n i c   c o e f f i c i e n t s ,  W/m2 

real c o e f f i c i e n t s   o f   s p h e r i c a l   h a r m o n i c s ,  W/m2 

d i f f e r e n t i a l   s u r f a c e   e l e m e n t  

d i r e c t i o n a l   f u n c t i o n   f o r  emitted r a d i a t i o n ,  sr-1 

angu la r   r e sponse   o f   s enso r  

sa te l l i t e  a l t i t u d e  above R ,  km 

r a d i a n t   i n t e n s i t y ,  (W/m2) /sr 

number of  measurements 

measurement  operator (see eqs. (7 )  and ( 8 ) )  

measured  f lux a t  s a t e l l i t e  a l t i t u d e ,  W/m2 

vector   of   measured fluxes 

degree o f  spherical harmonic  expansion 

associated  Legendre  polynomial   of  degree n and  order  m 

r a d i a t i v e   f l u x  a t  top   o f   a tmosphere ,  W/m2 

rad ius   o f   sur face   approximat ing   top   o f   a tmosphere  ( R  = Re + 30), km 

r a d i u s   o f  Ea r th  (6378.165 km) 

r o o t  mean squa re  of measurement r e s i d u a l ,  km 

spherical harmonic   representa t ion   of   measured   f lux  a t  sa te l l i t e  
a1 tit ude , W/m2 

complex spherical harmonic  of degree n and   order  m 

real  spher ica l   harmonics   o f  degree n and  order  m 

cone  angle  from sa te l l i t e  n a d i r  t o  p o i n t  on s u r f a c e  a t  t o p   o f  
atmosphere,  deg 
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ah   cone   angle   f rom satel l i te  n a d i r   t o   h o r i z o n   o f   s u r f a c e  a t  t o p   o f  
atmosphere,  deg 

B c lock   ang le   f rom  no r th   abou t  sa te l l i t e  n a d i r   t o   p o i n t  on   su r f ace  
a t  top   o f   a tmosphere ,  deg 

Y E a r t h   c e n t r a l   a n g l e   b e t w e e n  satel l i te  nadi r   and  a p o i n t  on s u r f a c e  
a t  top   o f   a tmosphere ,  deg 

6: Kronecker del ta  

€ v e c t o r  of measurement   res iduals ,  W/m2 

s i  i t h  measurement   res idual ,  W/m2 

c az imuth   ang le   o f   ex i t i ng   r ay ,  deg 

0 c o l a t i t u d e ,  deg 

An n th   e igenvalue   o f   the   measurement   opera tor  
2 

‘n 

4 l o n g i t u d e ,  deg 

n th   deg ree   va r i ance  (see eq .   (22 )  , w2/m4 

JI z e n i t h   a n g l e   o f   e x i t i n g   r a y ,  deg 

w s o l i d   a n g l e ,  sr 

S u p e r s c r i p t s :  

T t r a n s p o s e  

-1 i n v e r s e  

S u b s c r i p t :  

S senso r  

A c i r cumf lex  (^)  over  a symbol  denotes  an estimate. 

DATA 

The data u s e d   i n   t h i s   s t u d y   t o   d e f i n e   t h e   E a r t h ’ s  longwave r a d i a t i o n  f i e ld  
f o r  August 1975 were ob ta ined  from t h e - E a r t h   r a d i a t i o n   b u d g e t  (ERB) i n s t rumen t  
aboa rd   t he  Nimbus 6 sa te l l i te .  A d e s c r i p t i o n   o f   t h e  ERB ins t rument  is g i v e n   i n  
r e f e r e n c e  9. The data t a p e s  were supp l i ed  by the   Nat iona l   Oceanic  and Atmo- 
sphe r i c   Admin i s t r a t ion .  



Ear th  Radiation  Budget  Experiment 

The ERB instrument   obtained  both  f ixed  wide-angle   and  scanning  narrow-angle .  
measurements. The data cons ide red   he re  w i l l  be  t he  f ixed   wide-angle   i r rad iance  
a t  sa te l l i te  a l t i t u d e .  One o f  the  data c h a n n e l s   r e c o r d e d   t h e   t o t a l  Earth irra- 
d iance  (0.2 t o  50 pm) and  another   channel   recorded t h e  sho r twave   i r r ad iance  
( 0 . 2   t o  3.8 m).  The longwave  contr ibut ion is the  d i f fe rence   be tween these two 
measurements. The longwave  i r radiance data were then   i nc reased  11 pe rcen t  as  a 
c a l i b r a t i o n   c o r r e c t i o n .  A d i s c u s s i o n   o f  t h i s  c o r r e c t i o n  is g i v e n   i n   r e f e r e n c e  9 
and   accoun t s   fo r  a discrepancy  between the  ERB experiment  f ixed  wide-angle  and 
scanning  narrow-angle  measurements. The ERB in s t rumen t   ope ra t ed  on a d u t y   c y c l e  
o f  two days  on  and two days   o f f .   I r rad iance   measurements  were taken   every  
16 seconds.   There were eight d a t a   p e r i o d s   d u r i n g  the  month,  but  two  of these d i d  
n o t   h a v e   s u f f i c i e n t  data t o  be analyzed  separately.   Approximately 50 000 mea- 
surements were gathered during  August  1975,  but  not a l l  o f  these data could be 
used i n  t h e  a n a l y s e s .  

Data E d i t  

The data had t o  be e d i t e d   t o   e l i m i n a t e   m e a s u r e m e n t s  which were unacceptab le  
f o r   v a r i o u s   r e a s o n s .  Some o f  t h e  measurements were degraded by e x p o s u r e   t o  the 
Sun. I n  o r d e r   f o r  t he  wide-angle   radiometer   to   view the  Ear th  d i s k  from  horizon 
t o   h o r i z o n ,  t h e  a c t u a l   f i e l d   o f   v i e w  was a few degrees l a r g e r   t h a n  the  Earth 
d isk   and   inc luded  a th in   annu lus   o f   deep   space .  When t h e  s a t e l l i t e  was nea r  
s u n r i s e  or  s u n s e t ,   t h e  Sun came i n t o  view  and  contaminated the measurements. For 
t h i s  reason,  measurements were omitted  from t h e  set o f   d a t a  when the  Sun z e n i t h  
a t  t h e  subsatel l i te  p o i n t  was between 111.47O and  123.470.  Measurements were 
a l s o   o m i t t e d  i f  they  were greater than  280 W/m2 or  less than  50 W/m2. S i m i l a r l y ,  
a measurement which changed by  more t h a n  10 W/m2 over  a 16-sec time i n t e r v a l  was 
considered  unacceptable   and was omitted  from t h e  data set .  Another   quest ionable  
se t  o f   d a t a  was ob ta ined  on August  16,   1975.  Start ing a t  1000 hours GMT, t h e  
measurements   gradual ly   decreased  in   value  during a f u l l  sa te l l i t e  revolu t ion   and  
then  seemed t o   s t a b i l i z e  a t  va lues   approximate ly  30 W/m2 lower  than  expected.  
T h i s  occur red  a t  t h e  end o f  a data a c q u i s i t i o n   p e r i o d .  The measurements  from 
the  n e x t   d a t a   p e r i o d  d i d  n o t   e x h i b i t  t h i s  problem. The r e a s o n   f o r  t h i s  g radua l  
decrease i n   v a l u e  is n o t  known. Thus, t h e  measurements   s ta r t ing  a t  1000  hours 
GMT and   con t inu ing   fo r  three s a t e l l i t e  r e v o l u t i o n s ,   t o  t h e  end   of   the  data 
p e r i o d ,  were omitted  from t h e  data set .  The f i n a l  e d i t e d  data se t  conta ined  
45  942  measurements  obtained  during  August  1975. 

During part  of t h e  o r b i t ,  t h e  ERB radiometers  viewed t h e  Ear th  i n  dark- 
n e s s  where t h e  inc iden t   sho r twave   r ad ia t ion  is n e g l i g i b l e .  However, t h e  direct  
i r r a d i a t i o n   o f   t h e   s e n s o r  a t  spacec ra f t   sunse t   caused  a thermal t r a n s i e n t   i n  
the measurements. As the  f i e l d  of   v iew  passed   in to   darkness ,  t h e  shortwave 
measurements  rapidly decreased t o   a b o u t  9 W/m2 i n  t h e  first 2 min  and  continued 
t o  decrease dur ing   the   remain ing  30  min t o  a lower limit o f  1 t o  4 W/m2. No 
a t t empt  was made t o   c o r r e c t   f o r   t h i s   t r a n s i e n t   i n  t he  data. 
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ANALYSIS 

The e d i t e d  ERB data were u s e d   t o  estimate t h e - r a d i a t i o n  f ie ld  a t  t h e   t o p  
of   the  a tmosphere.  The r a d i a t i o n  f i e ld  was modeled as a l inear   combina t ion  of 
spherical   harmonics   and the parameters  estimated wi th  a least s q u a r e s   e s t i m a t o r .  

Rad ia t ion  Model 

The top   of   the   Ear th-a tmospher ic   sys tem was approximated by a sphe re   o f  
r a d i u s  R .  The i n t e n s i t y  I o f   r a d i a t i o n   l e a v i n g   a n y   p o i n t  E on t h i s  s u r f a c e  
is a f u n c t i o n   o f   c o l a t i t u d e  8 ,  l o n g i t u d e  0, and  zen i th   angle  (I o f   t h e   e x i t -  
ing   ray .   (See  f i g .  1 . )  The  longwave r a d i a t i v e   f l u x  Q a t  p o i n t  E i s  given  by 

where 5 is the azimuth  of  the e x i t i n g   r a y .  The i n t e n s i t y  was modeled as 

where F($) is a d i r e c t i o n a l   f u n c t i o n  and is dependent upon o n l y   t h e   z e n i t h  
o f  the ex i t i ng   r ay .   No t i ce  t h a t  t h i s  f u n c t i o n   d e f i n e s  the d i r e c t i o n a l  charac- 
ter is t ics  o f   t h e   e x i t i n g   r a d i a t i o n  a t  eve ry   po in t  on t h e   s u r f a c e .  The s t r e n g t h  
o f  the r a d i a t i o n  a t  a g iven   po in t ,   however ,   va r i e s   w i th   co l a t i t ude   and   l ong i tude  
and is def ined  by Q ( e  ,$I). S u b s t i t u t i n g   e q u a t i o n  ( 2 )  i n t o  ( 1 )  y i e l d s   t h e  
n o r m a l i z a t i o n   c o n d i t i o n   f o r  F ( Q ) ,  tha t  i s ,  

71 (I=- 
F($) cos (I s i n  (I d$ = 1 

If the s u r f a c e   r a d i a t i o n  i s  Lamber t ian ,   tha t  i s ,  i f  r a d i a t i o n   l e a v e s  t h e  surface 
w i t h   e q u a l   i n t e n s i t y   i n  a l l  d i r e c t i o n s ,   t h e n  F($) = 1 .  If t h i s  i s  n o t   t r u e ,  
t h e n   t h e   d i r e c t i o n a l   c h a r a c t e r i s t i c s   c a n  be de f ined  by a l imb  darkening   func t ion ,  
an  example  of  which is g iven  by 
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- sec $ 1 3  (Oo  5 6 < 600) 

+ 0.05(1 - sec $11 (60' 5 $ < 900) (4) 

($ ' goo) 

This  f u n c t i o n  results from  averaging the  f a m i l y   o f   l i m b   d a r k e n i n g   f u n c t i o n s  
i n   r e f e r e n c e  13. 

Measurement  Model 

Now c o n s i d e r  the r a d i a t i o n   s e n s o r  a t  s a t e l l i t e  a l t i t u d e  h ,  as shown i n  
f i g u r e  1 .  The r a d i a t i o n  from t h e  Earth i n c i d e n t  on the  s e n s o r  a t  a c o l a t i -  
tude  0, and a l o n g i t u d e  @s is 

where w is the  s o l i d   a n g l e  a t  t h e  s a t e l l i t e  subtended by t h e  surface element,  
c1 is the cone  angle  a t  the  sa te l l i t e  from the l o c a l   v e r t i c a l   t o  t h e  s u r f a c e  
element,   and the  i n t e g r a t i o n  is over  t h e  f i e l d  of view (FOV) of  t h e  s e n s o r .  
The f u n c t i o n  g(a)  is t h e  angular   response   o f  the s e n s o r   t o   i n c o m i n g   r a d i a t i o n  
and is modeled as a p e r f e c t l y  black f l a t - p l a t e   s e n s o r ,   o r  

S u b s t i t u t i n g  ( 6 )  and ( 2 )  i n t o  ( 5 )  y i e l d s  

o r  
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' where  ah is the   cone   ang le   f rom  the  s a t e l l i t e  n a d i r   t o   t h e   h o r i z o n .  It 
is conven ien t   t o   exp res s   t h i s   r e l a t ionsh ip   be tween   t he   measu red  radia- 
t i o n  rn(es,$,) and  the unknown f l u x  Q(e,@) as 

where L d e n o t e s   t h e   l i n e a r   i n t e g r a l  measurement   operator   of   equat ion ( 7 ) .  
Smith  and  Green  (ref.  7 )  have shown t h a t  t h e   e i g e n f u n c t i o n s   o f  t h i s  l i n e a r  
o p e r a t o r  are s p h e r i c a l   h a r m o n i c s ,   t h a t  is, 

where Z:( is a sphe r i ca l   ha rmon ic   o f   o rde r  m and  degree n eva lua ted  

a t  the  s u b s a t e l l i t e   p o i n t .  The a s s o c i a t e d   e i g e n v a l u e  An is given  by 

where Pn(cos  y)  denotes   the  Legendre  polynomial   of  degree n as a func t ion  

o f  t he  Ear th  c e n t r a l   a n g l e  y .  ( S e e   f i g .  1.) 

0 

Deconvolution 

Because spher ica l   harmonics  are e i g e n f u n c t i o n s   o f  t h e  measurement  oper- 
a t o r ,  it is c o n v e n i e n t   t o  l e t  t h e   f l u x  a t  t h e  surface be r ep resen ted  by a 
t r u n c a t e d  series o f   sphe r i ca l   ha rmon ics ,  t h a t  i s ,  

N n  

Also,  l e t  the  measurements be r ep resen ted  as 



S u b s t i t u t i n g   e q u a t i o n s  (11) and (12) i n t o  (8) g i v e s  

N n  1 

but  f rom  equat ion (9) 

N n  N n  

E q u a t i n g   c o e f f i c i e n t s   o f  l i k e  terms g i v e s  

a = A n  bn m m 
n 

o r  

Thus, t h e  f l u x  a t  t h e  s u r f a c e  is 

N n  

or 
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It is s e e n   t h a t   t h e   f l u x   d e p e n d s  on the  c o e f f i c i e n t s   o f   t h e  measurement  repre- 

s e n t a t i o n  an and  the  e igenvalues   of   the   measurement   operator  X,. m 

Spherical   Harmonics  

For t h e  p u r p o s e s   o f   t h i s   a n a l y s i s ,  a real  fo rmula t ion   o f  t he  s p h e r i c a l  
harmonics was used.  Thus, i f  X(0,cb) is a real func t ion   ove r  a sphe re ,   t hen  
a r e p r e s e n t a t i o n   o f  X(€) ,@) is 

N n  

where Z n ( O , @ )  are spherical  harmonics  given by 
m 

and P:( cos 0 )  are associated  Legendre  polynomials.   These  polynomials are 

de f ined  by t h e   f o l l o w i n g   r e c u r s i v e   e q u a t i o n :  
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P ~ + ~ ( ~ ~ ~  e) = m 

P ~ + ~ ( ~ ~ ~  e )  = m 
n - m + l  

It follows that these  spherical  harmonics  are  orthogonal  according  to 

except for 

Sphere 

Also, 

Sphere 
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With these d e f i n i t i o n s ,  t he  f l u x  a t  t h e  s u r f a c e  (eq. ( 1 4 ) )  becomes 

where C: and S: are the  c o e f f i c i e n t s   o f  the  measurement   representa t ion .  

Es t ima t ion   o f   Coe f f i c i en t s  

Given a discrete set of  measurements, it now remains   to   de te rmine  the  
c o e f f i c i e n t s   o f  t h e  measurement   representa t ion .  These c o e f f i c i e n t s  are esti- 
mated w i t h  a least  s q u a r e s  f i t  t o  t he  measurements. Each discrete measure- 
ment m(e i , ,$ i )  is expres sed  as a l inear   combina t ion   of  t h e  c o e f f i c i e n t s ;   t h u s ,  
the i t h  measurement is g iven  by 

where €i is t h e  measurement   res idual ,  or the d i f fe rence   be tween the  a c t u a l  
measurement  and its r e p r e s e n t a t i o n .  This  equat ion  and t h e  e s t i m a t i o n   e q u a t i o n s  
t o   f o l l o w   c a n  be g r e a t l y   s i m p l i f i e d  by o r d e r i n g  t h e  terms such tha t  t h e  coef -  
f i c i e n t   v e c t o r  is de f ined  as 

which c o n s i s t s   o f  (N + 1 ) 2  terms. Note t h a t  Sn is n o t   c o n t a i n e d   i n  t h e  

o rde r ing .  From e q u a t i o n   ( 1 6 b ) ,  it can be seen  t ha t  t h e  spher ica l   harmonic  

Z:n(e ,$) = 0 when m = 0. Hence, i ts c o e f f i c i e n t  S: is meaningless.   Also 

d e f i n e  a measurement  vector as 

0 
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a r e s i d u a l   v e c t o r  as 

and   an   observa t ion   mat r ix  as 

B E  
I 

. .  

. .  

. .  

where k is t h e  number of   measurements .   The  ent i re  set of  measurements  given 
by equat ion   (18)  is now conven ien t ly   exp res sed   i n   ma t r ix   no ta t ion  by 

M = B C + E  (20) 

This  is an   overde termined   sys tem  of   s imul taneous   equat ions .  The s o l u t i o n   t h a t  
minimizes   the sum of squa res  of t h e   r e s i d u a l s  &T E is t h e  l ea s t  s q u a r e s   s o h -  
t i o n  and is g iven  by ( r e f .  1 4 )  

* 
C = (BT B)-1 BT M 

RESULTS 

The ERB d a t a  were ana lyzed   to   demonst ra te   and   eva lua te   the   concept  o f  
p a r a m e t e r   e s t i m a t i o n   a n d   t o   d e f i n e   t h e   v a r i a t i o n  of t h e  longwave r a d i a t i o n  
f i e l d  d u r i n g   t h e  month  of  August  1975. The s p a t i a l   v a r i a t i o n  i s  g iven  by 
the  sphe r i ca l   ha rmon ic   func t ions  i n  c o l a t i t u d e   a n d  l o n g i t u d e .  The temporal 
v a r i a t i o n  was ob ta ined  by a n a l y z i n g   t h e  data s e p a r a t e l y   f o r  two  day  periods.  
Th i s  is a n a t u r a l   d i v i s i o n   o f  time s i n c e   t h e  ERB ins t rumen t   ope ra t ed  on a 
d u t y   c y c l e  of two days  on and two days o f f .  Dur ing   the  month o f  August  1975, 
t h e r e  were e i g h t   d u t y   c y c l e s ,  two of   which   had   an   insuf f ic ien t  number o f  
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measurements t o  be ana lyzed   separa te ly .   Thus ,  t h e  data were analyzed  sepa- 
r a t e l y   f o r   s i x   d u t y   c y c l e s  of two   days   each ,   r e su l t i ng   i n  a s h o r t  time h i s t o r y  
o f   E a r t h ' s   l o n g w a v e   r a d i a t i o n .   I n   a d d i t i o n ,   t h e   e n t i r e  data set f o r  a l l  pericids 
was combined  and  analyzed to   de t e rmine  a month ly   average   rad ia t ion  f i e ld .  

Degree Variance 

The data o b t a i n e d   d u r i n g   t h e  first duty  cycle   (August  2-41 were ana lyzed ,  
a n d   t h e   r a d i a t i o n  f i e ld  a t  t h e   s u r f a c e  was de f ined  by a 12 th  degree and 
12th.order   spherical   harmonic  expansion  where the  c o e f f i c i e n t s  were least squa re  
estimates ( e q .   ( 2 1 ) ) .   T h e s e   c o e f f i c i e n t s   d e f i n e   t h e   s p a t i a l   s p e c t r u m   o f  the  
r a d i a t i o n  f i e ld  i n  terms o f   t h e  degree va r i ance .  

The degree v a r i a n c e  is de f ined  as t h e   a v e r a g e   v a l u e   o f   t h e   s o l u t i o n  
squa red   fo r  a g iven  degree. If X ( e , $ )  is a sphe r i ca l   ha rmon ic   r ep resen ta t ion  
( eq .  (1511, t h e  degree v a r i a n c e  is g iven  by 

3 
Sphere 

where 

m=O 

where S," is de f ined  as z e r o .  The s q u a r e   r o o t   o f  degree v a r i a n c e  is called 

degree d i spe r s ion   (deno ted  by On) and is o f t e n   u s e d   t o   d e n o t e  the v a r i a t i o n .  
The degree v a r i a n c e   f o r  a l l  n is ana logous   t o  the  ampl i tude   spec t rum  . in   o rd i -  
-nary   harmonic   ana lys i s   and   g ives   an   ind ica t ion   of  t h e  power i n  each  frequency. 
The degree v a r i a n c e   f o r  t h e  first d u t y   c y c l e  is shown i n   f i g u r e  2 a t  both sat- 
e l l i t e  a l t i t u d e  and a t  the  s u r f a c e .  The r e l a t i o n s h i p   b e t w e e n   t h e  two degree 
va r i ances   fo l lows   f rom  equa t ion  (13)  and is given  by 
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2 
o i ( a 1 t i t u d e )  

An 

on ( s u r f a c e )  = 
2 

where An are the  e igenva lues   de f ined  by e q u a t i o n  (10). Eigenvalues are pre- 
s e n t e d   i n  table I f o r  a Lamber t ian   d i rec t iona l   model   and  for the  l imb darkening 
model de f ined  by equa t ion  (4 ) .  The sequence   of   e igenvalues  is monotonically 
dec reas ing   and   r e su l t s   f rom t h e  smoothing effect o f  t he  measurement  operator.  
S ince  the  ampl i tude   o f  the  high frequency  components  of t h e  r a d i a t i o n  f ie ld  are 
reduced by t h e  measurement  operator,  t h e  inverse   p rocess   mus t   ampl i fy  these com- 
ponents.  Th i s  can be seen by t h e  d i v e r g e n c e   i n  t he  two degree v a r i a n c e s  as t h e  
degree number inc reases .   Represen t ing  t h e  r a d i a t i o n  f i e ld  by i n c r e a s i n g l y  
h i g h e r  degree spher ica l   harmonics  w i l l  e v e n t u a l l y  lead t o  a meaningless repre- 
s e n t a t i o n  a t  the  s u r f a c e   d u e   t o  t h i s  d ive rgence .   Var i a t ions   o f  t h e  r a d i a t i o n  
f i e ld  and e r r o r s   i n  t he  measurement  produce high frequency  components a t  satel-  
l i t e  a l t i t u d e  which are g r e a t l y  ampl i f ied  when c o n v e r t e d   t o  t h e  s u r f a c e  by t h e  
factor 1/An. Thus, there is some degree beyond which v a r i a b i l i t y  effects and 
measurement e r ro r s   domina te .  The r e p r e s e n t a t i o n   f o r  t he  first du ty   cyc le ,  how- 
eve r ,  seems t o  be well behaved a t  least t o  degree f i v e .   T h e r e f o r e ,  t he  radia- 
t i o n  f i e l d  f o r  t h i s  s tudy  was modeled by a f i f t h  degree and f i f t h  order  expan- 
s i o n   i n   s p h e r i c a l   h a r m o n i c s .  

Estimated C o e f f i c i e n t s  

The c o e f f i c i e n t s   o f  t he  r a d i a t i o n  f i e l d  a t  s a t e l l i t e  a l t i t u d e  are pre- 
s e n t e d   i n  table I1 f o r  the first s i x   d u t y   c y c l e s   i n   A u g u s t .  Each r a d i a t i o n  
f i e l d  is r e p r e s e n t e d  by t h e  36 c o e f f i c i e n t s   o f  the spherical   harmonic  expansion.  
The o r d e r i n g   c o r r e s p o n d s   t o  t h e  scheme d e f i n e d   i n   e q u a t i o n   ( 1 9 ) .  The last 
column is the month ly   average   rad ia t ion  f i e ld  and  covers  t he  period  August 2 
through August 31. The data set f o r  t h i s  r a d i a t i o n  f i e l d  conta ined  45  942 mea- 
surements   and  incorporated a l l  o f  the  measurements  from each o f  t h e  s i x . d u t y  
c y c l e s   p l u s  1978 measurements  from t h e  e ighth  d u t y   c y c l e .  T h i s  duty  cycle   con-  
t a i n e d  good data f o r   a b o u t  three o r b i t a l   r e v o l u t i o n s  which are b e n e f i c i a l   t o  
the m o n t h l y   a v e r a g e   b u t   n o t   s u f f i c i e n t   t o  be a n a l y z e d   s e p a r a t e l y .  The seventh  
duty   cyc le   conta ined   no  data. Al so   p re sen ted   i n  table I1 is t h e  RMS r e s i d u a l  
between the measurement  and t h e  sphe r i ca l   ha rmon ic   r ep resen ta t ion ,  t h a t  i s ,  

RMS 
i= i: 1 

/2 
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where k is t h e  number 
t h e  RMS is e x p r e s s e d   i n  

of   measurements .   According  to   equat ions (18) and (20), 
m a t r i x   n o t a t i o n  as 

Expanding t h i s   e x p r e s s i o n   a n d   i n c o r p o r a t i n g   e q u a t i o n  (211, y i e l d s  

RMS2 = -[.' M - t T  BT M] 
1 

k 

The RMS is a measure o f   t h e  amount  of t o t a l   v a r i a t i o n  MT M t h a t   h a s   n o t   b e e n  
accounted   for  by t h e   s p h e r i c a l   h a r m o n i c   r e p r e s e n t a t i o n .  It i s ,  t h e r e f o r e ,   a n  
i n d i c a t i o n  of  how well the  measurements are rep resen ted  by X(e,@). 

The spherical  harmonic   representa t ion  X(e,@) of  the  measurements a t  satel-  
l i t e  a l t i t u d e  is d e c o n v o l u t e d   t o   t h e   s u r f a c e  by d i v i d i n g  by t h e   e i g e n v a l u e s   o f  
the measurement  operator  (eq.  ( 1 3 ) ) .  T h i s  t r ans fo rma t ion  is based on t h e  
assumed d i r e c t i o n a l   f u n c t i o n  of t h e  r a d i a t i o n  a t  t h e  s u r f a c e .  The r a d i a t i o n  
f ie ld  a t  the  s u r f a c e   f o r   L a m b e r t i a n   r a d i a t i o n  is p r e s e n t e d   i n  table 111, and 
t h e  degree d i s p e r s i o n s  are p r e s e n t e d   i n  table I V .  Some o f  t h e s e   c o e f f i c i e n t s  
have  obvious  physical   meanings.   For   example,   the   global  mean f l u x  is g iven  by 

3 do 
Sphere 

0 = co 
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A l l  s p h e r i c a l   h a r m o n i c s   i n t e g r a t e   t o   z e r o   o v e r   t h e   s u r f a c e   e x c e p t  Zco(e ,@) 1 

w h i c h   i n t e g r a t e s   t o  h. Thus, the  first c o e f f i c i e n t  Co is the g l o b a l  mean 

f l u x  a t  the  s u r f a c e .   I n   a d d i t i o n ,  t he  c o e f f i c i e n t   o f   t h e  first zona l  har- 

monic Cy is a measure   o f   the   po le- to-pole   g rad ien t ,   and   the   coef f ic ien t   o f  

t he  second  zonal  harmonic C2 is a measure   o f   the   equator - to-pole   g rad ien t .  

0 

0 

0 

I n t e r p r e t a t i o n   o f   C o e f f i c i e n t s  

The r a d i a t i o n   f i e l d   f o r  each du ty   cyc le  is d e p i c t e d  by a c o n t o u r   p l o t   i n  
f i g u r e s  3 t o  8 ,  and the  month ly   average   rad ia t ion  f i e l d  is d e p i c t e d   i n   f i g u r e  9 .  
These r e p r e s e n t a t i o n s   s h o u l d   n o t  be i n t e r p r e t e d  as f i n a l   s i n c e   t h e y  are on ly  
f i f t h  deg ree   r ep resen ta t ions   o f  the  r a d i a t i o n  f i e l d .  The data should  support  a 
h ighe r  degree r e p r e s e n t a t i o n  ( f ig .  2 ) .  Neve r the l e s s ,  a f i f t h  degree represen-  
t a t i o n  is s u f f i c i e n t   t o   d e m o n s t r a t e   t h e   p a r a m e t e r   e s t i m a t i o n   t e c h n i q u e   a n d  
de f ine   t he   va r i a t ion   o f   t he   ma jo r   f ea tu re s   du r ing   one   mon th .  From the contour  
p l o t s ,  it can  be  seen t h a t  the  p o s i t i o n s   o f  t h e  major highs  and  lows are rather 
stable dur ing  the month.  For t h i s   r e a s o n ,  the month ly   average   p lo t  ( f i g .  9 )  is 
r e p r e s e n t a t i v e   o f  t h e  major f e a t u r e s   o f  the  r a d i a t i o n  f i e l d  throughout t he  month. 
It c a n   a l s o  be seen  from the  contour   p lo ts   and   f rom t h e  table o f   c o e f f i c i e n t s  
tha t  the r a d i a t i o n  f i e lds  are z o n a l   i n  character. T h i s  c a n   a l s o  be seen  by  com- 
p u t i n g   t h e  - p r e s e n t  - c o n t r i b u t i o n   o f  t h e  z o n a l   c o e f f i c i e n t   t o  the degree   va r i ance ,  

t ha t  is, [ ( C : r / O i  100%. For the mon th ly   ave rage   r ad ia t ion   f i e ld ,  the  percent -  

ages f o r   i n c r e a s i n g   d e g r e e  numbers are as fo l lows:  100, 85, 9 0 ,  76,  70, and  17. 
For degree z e r o ,  the e n t i r e   d e g r e e   v a r i a n c e  is composed o f  t h e  zona l   con t r ibu -  
t i o n .  The zona l  component is a l s o  t he  dominant   in f luence   for   degrees   one   to  
f o u r .  Degree f i v e  shows more o f  a balance  between the zonal  and  nonzonal terms. 
S ince  the  d e g r e e   v a r i a n c e   g e n e r a l l y  decreases wi th  inc reas ing   deg ree  ( a t  least  
through degree f i v e   f o r   t h i s  case),  t h e  conc lus ion  is reached that  the r a d i a t i o n  
f i e l d s  are p redomina te ly   zona l   i n   cha rac t e r .  

I n s i g h t   i n t o  t h e  na tu re   o f  t h e  r a d i a t i o n  f i e l d s  can be obta ined  by order -  
i n g  t h e  36 c o e f f i c i e n t s   a c c o r d i n g   t o   t h e i r   i m p o r t a n c e .  T h i s  is accomplished by 
computing t h e  i n c r e a s e   i n  the  RMS va lue  when a s p e c i f i c  term is omi t t ed ,  t h a t  is ,  
t h e  importance  of a term is equated   to  t he  i n c r e a s e   i n . t h e  RMS when a 35 coef- 
f i c i e n t   r e p r e s e n t a t i o n  is determined. This  procedure  revealed t h a t  t h e  f i v e  
mos t   impor t an t   coe f f i c i en t s   fo r  t h e  f irst  d u t y   c y c l e  were t h e  first f i v e   z o n a l  
ha rmon ic   coe f f i c i en t s .  The 6 zona l   ha rmon ic   coe f f i c i en t  numbered 1 0 t h   i n  impor- 
t ance .   Gene ra l ly ,  a s i z e   o r d e r i n g   o f  t h e  c o e f f i c i e n t s   f o l l o w s   c l o s e l y  the 
importance  order ing  of  t he  c o e f f i c i e n t s .  If t h e  p o s i t i o n   o f  t he  measurements 
were such t h a t  t h e  BT B m a t r i x   i n   e q u a t i o n  (21 ) was d iagona l ,   t hen  t h e  two 
o r d e r i n g s  would be i d e n t i c a l .  T h i s  is n o t   t r u e   f o r  t h e  Nimbus 6 data s i n c e   t h e  
measurement p o s i t i o n s   c o r r e s p o n d   t o  sa te l l i t e  p o s i t i o n s .   N e v e r t h e l e s s ,   f o r   t h e  
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da ta   unde r   cons ide ra t ion ,  the two o r d e r i n g s  differed i n  the first IO p o s i t i o n s  
only  by a rearrangement   of  t h e  7 t h ,  8 t h ,  and  9th terms. 

An a l t e r n a t i v e   t o   u s i n g  a complete set o f  spherical harmonics ( i . e . ,  u s i n g  
a l l  t he  terms i n  the sequence  of   eq.  (19) f o r  a g iven  N) is t o   u s e  a selected 
set of  harmonics.  A s u b s e t   o f  t h e  most  important  harmonics  would be a p p r o p r i a t e .  
Consider t h e  first du ty   cyc le .   E l imina t ion   o f  a l l  terms except  t h e  g l o b a l  mean 

f l u x  Co c o r r e s p o n d s   t o  a one term r e p r e s e n t a t i o n  wi th  a n  RMS v a l u e   o f  29.916. 

The t o t a l   v a r i a t i o n  is def ined  as t h e  square   o f  t h i s  q u a n t i t y .  From table I1 
t he  RMS v a l u e   f o r  a 36 term r e p r e s e n t a t i o n  is 9.564. Thus, a 36 term s o l u t i o n  

0 

(29.91612 - (9.564)2 
(29.916)2 

a c c o u n t s   f o r  1 100% 90% o f  t h e  t o t a l   v a r i a t i o n .  Like- 

wise, a s o l u t i i n  based on the  20 m o s t  impor tan t  terms a c c o u n t s   f o r  88 pe rcen t  
o f  the  t o t a l   v a r i a t i o n  and a 10 term solu t ion   accounts   for   84   percent .   Hence ,  
the 10 most  important terms account   for  84 pe rcen t   o f  t he  t o t a l   v a r i a t i o n ,  the  
nex t  26 terms i n   i m p o r t a n c e   a c c o u n t   f o r  6 percent ,   and  t h e  16 least  impor tan t  
terms account   for   on ly  2 p e r c e n t .  

Impor tance   o f   Di rec t iona l  Model 

When the r a d i a t i o n  f i e l d  a t  s a t e l l i t e  a l t i t u d e  is deconvolu ted   to  t h e  
s u r f a c e  by equa t ion  (131, a d i r e c t i o n a l  model  must be def ined  through the  
e i g e n v a l u e s .   S e t s   o f   e i g e n v a l u e s  are p r e s e n t e d   i n  table  I f o r  a Lambertian 
model  and a limb da rken ing   d i r ec t iona l   mode l .  The s u r f a c e   r a d i a t i o n  f i e lds  
i n  table  I11 are based on t h e  Lambertian  model. The d i f f e r e n c e   i n  t h e  su r -  
face r a d i a t i o n  f i e l d  r e s u l t i n g  from t h e  two d i f f e r e n t   d i r e c t i o n a l   m o d e l s  i s  
ve ry  small e s p e c i a l l y   f o r  t h e  low  frequency terms. The g l o b a l  mean is def ined  

by the  c o n s t a n t  term g iven  by Co(su r face )  = - C o ( a l t i t u d e ) .   B u t ,  x0 is t h e  

same f o r   b o t h   d i r e c t i o n a l   m o d e l s   a n d ,   i n  f a c t ,  is t h e  same f o r   a n y   d i r e c t i o n a l  
model de f ined  by t h e  no rma l i z ing   cond i t ion  (eq. (3)). Thus, t h e  g l o b a l  mean 
a t  the  s u r f a c e  is n o t  a f u n c t i o n   o f  t h e  d i r e c t i o n a l  model. For a f i f t h  degree  
r e p r e s e n t a t i o n ,   o n l y  t h e  first s i x   e i g e n v a l u e s  are needed. These e igenva lues  
f o r  t h e  two models d i f f e r  on ly   s l i gh t ly .   Moreove r ,  most o f  t h e  power is i n  
t h e  lower  frequencies.   Hence, the  f i f t h  degree r e p r e s e n t a t i o n  is no t  a s t r o n g  
func t ion   o f  t h e  d i r ec t iona l   mode l s .  

0 1 0  

x0 

Time H i s t o r y   o f   C o e f f i c i e n t s  

A s h o r t   h i s t o r y   o f  the mos t   impor t an t   coe f f i c i en t s  is p r e s e n t e d   i n  f i g -  

u r e  IO. The change i n  t he  g l o b a l  mean estimate C: from i ts  least  v a l u e   t o  

i ts  largest va lue  is only  2.0 W/m2. Its greatest departure   f rom t h e  monthly 
mean is 1.3 W/m2. It is seen  that  the time v a r i a t i o n s   i n  t he  o t h e r   c o e f f i c i e n t s  
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are a l s o  small. Because  they are so small, it is n o t  clear whether they  are 
due t o  real f l u c t u a t i o n s   o f  t he  a tmosphe re ,   s ampl ing   va r i a t ions ,   o r  some o t h e r  
cause .  

CONCLUDING REMARKS 

The  Nimbus 6 Ear th  r ad ia t ion   budge t  data f o r  the month of August 1975 has 
been  analyzed  by the p a r a m e t e r   e s t i m a t i o n   t e c h n i q u e   t o   d e f i n e  t h e  v a r i a t i o n  of 
the  longwave r a d i a t i o n  f ie ld  a t  t h e . t o p   o f  the atmosphere.   Since the eigen- 
f u n c t i o n s   o f  the measurement  operator are spherical harmonics ,   they  provided a 
c o n v e n i e n t   r e p r e s e n t a t i o n  of the r a d i a t i o n  f i e l d .  Moreover, t he  c o e f f i c i e n t   o f  
the first zonal  harmonic is the g l o b a l  mean f l u x ,  while t h e  c o e f f i c i e n t s   o f  t he  
second  and t h i r d  zonal  harmonics are measures   of  t h e  pole- to-pole   gradient   and 
the equa to r - to -po le   g rad ien t ,   r e spec t ive ly .  It was shown that the zonal   har -  
monics are the  most  important terms i n  t he  r e p r e s e n t a t i o n   o f  t h e  r a d i a t i o n  
f i e l d ;  tha t  is, the  r a d i a t i o n  f ie ld  a t  the  t o p   o f  t h e  atmosphere is character- 
ized by a x i a l  symmetry. 

The r a d i a t i o n  f i e ld  was rep resen ted  as a f i f t h  degree and f i f t h  o r d e r  
expans ion   i n   sphe r i ca l   ha rmon ics .   A tmospher i c   va r i a t ions   and  random  measure- 
ment e r r o r s   c a u s e  t h e  r e p r e s e n t a t i o n  to  d i v e r g e   i n  t he  high f requency  compo- 
n e n t s .  The degree variance,   however ,  showed tha t  t he  s o l u t i o n  was well behaved 
through degree f i v e  which c o r r e s p o n d s   t o   r e p r e s e n t i n g  t h e  s o l u t i o n   i n  terms o f  
36 c o e f f i c i e n t s .  Even  though a higher degree r e p r e s e n t a t i o n   c a n  be suppor ted  
by the  data, a f i f t h  degree s o l u t i o n  is s u f f i c i e n t   t o   d e m o n s t r a t e  t h e  parameter 
e s t ima t ion   t echn ique   and   de f ine  t h e  v a r i a t i o n   o f  t h e  ma jo r   f ea tu re s   du r ing  t h e  
month. If t h e  c o e f f i c i e n t s  are o r d e r e d   a c c o r d i n g   t o  their  impor tance   in   reduc-  
i n g  the  r o o t  mean squa re   o f  the  measurement r e s i d u a l ,  t h e  r a d i a t i o n  f i e l d  can 
be e x p r e s s e d   i n  terms o f  a s u b s e t   o f   t h o s e   c o e f f i c i e n t s .  When a l l  36 c o e f f i -  
c i e n t s  are used ,   t hey   accoun t   fo r  90 p e r c e n t   o f  t he  t o t a l   v a r i a t i o n .  A r ep re -  
s e n t a t i o n  based on the 20   mos t   impor t an t   coe f f i c i en t s   accoun t s   fo r  88 pe rcen t  
o f  t h e  t o t a l   v a r i a t i o n ,  and a 10 c o e f f i c i e n t   r e p r e s e n t a t i o n   a c c o u n t s   f o r  84 per- 
cent .   Thus,  the  10 m o s t   i m p o r t a n t   c o e f f i c i e n t s   a c c o u n t   f o r  84 percent   o f  t h e  
t o t a l   v a r i a t i o n ,  t h e  nex t  26 c o e f f i c i e n t s   i n   i m p o r t a n c e   a c c o u n t   f o r  6 p e r c e n t ,  
and t h e  16 leas t  i m p o r t a n t   c o e f f i c i e n t s   a c c o u n t   f o r   o n l y  2 p e r c e n t .  

The data were a n a l y z e d   f o r  two-day p e r i o d s   o f  time r e s u l t i n g   i n  a s h o r t  
time h i s t o r y .  The c o e f f i c i e n t s   c o r r e s p o n d i n g   - t o  the  low  f requency  zonal  har- 
monics are f a i r l y   c o n s t a n t  wi th  time. For  example, t h e  change i n  the  g l o b a l  
mean estimate from its leas t  v a l u e   t o  its largest v a l u e  was on ly  2.0 W/m2, 
o r  less than  1 p e r c e n t .  Its greatest depar ture   f rom the  monthly mean was 
1 .3 W/m2. Because these changes are small, it is n o t  clear whether they  are 
due t o  real f l u c t u a t i o n s   o f  the  a tmosphe re ,   s ampl ing   va r i a t ions ,   o r  some o t h e r  
cause.  

When the r a d i a t i o n  f i e l d  a t  sa te l l i t e  a l t i t u d e  i s  deconvo lu ted   t o  t h e  t o p  
o f  the  atmosphere, t he  d i r e c t i o n a l  characteristics o f  the r a d i a t i o n  f i e ld  must 
be def ined  and are expressed  through the  e i g e n v a l u e s   o f  t h e  measurement  oper- 
a to r .   Examina t ion   o f  these eigenvalues   shows tha t  t h e  r e p r e s e n t a t i o n   t o  f i f t h  
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degree is n o t   s t r o n g l y  affected by these c h a r a c t e r i s t i c s .   I n  fac t ,  t h e   g l o b a l  
mean is s e e n   t o  be independent   o f  the  d i r ec t iona l   mode l .  

Langley  Research  Center 
Nat ional   Aeronaut ics   and  Space  Adminis t ra t ion 
Hampton, VA 23665 
September 19,  1978 
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TABLE I.- EIGENVALUES OF MEASUREMENT OPERATOR 

R = Re + 30.000 km = 6408.165 km; 
h = 1100 km - 30 km = 1070 km 3 

n 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 

An 

Lambertian 
mode 1 

0.7343 - 721  7 
6975 

.6632 

.6208 

.5726 

.5214 

.4693 

.4185 

.?707 

.3267 

.2874 

.2526 

for - 
Limb darkening  

model 

0.7343 

.7014 

.6704 

.6317 

.5873 

.5393 

.4899 

.4408 

.3936 

.3494 

.309 1 

.2728 

* 7232 
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TABLE 11.- COEFFICIENTS OF SPHERICAL HARMONIC REPRESENTATION AT SATELLITE ALTITUDE 

~ 

n 

~ 

0 

1 
1 

2 
2 

2 

3 
3 

3 

3 

4 
4 

4 

4 

4 

5 
5 

5 

5 

5 

5 
_" ... 
~ 

m 

_ _ ~  

0 

0 
1 

0 
1 

2 

0 
1 

2 

3 

0 
1 

2 

3 

4 

0 
1 

2 

3 

4 

5 
" 

C o e f f i c i e n t  

C 

C 
C 
S 

C 
C 
S 
, c  
S 

C 
C 
S 
C 
S 
C 
S 

C 
C 
S 
C 
S 
C 
S 
C 
S 

C 
C 
S 
C 
S 
C 
S 
C 
S 

S 
C .  

%-st day . . . - . . . . 
.ast day . . . . . . . . . 
Jumber of  measurements . . 
iMS r e s i d u a l  . . . . . . . 

T 
1 

~~ 

173.024 

8.911 
3.624 
-2 -739 

-15  .go6 
2.229 
"731 
2.815 
3.606 

8.413 
.068 

3.461 
2.454 
2.223 
1 .620 

-1 .586 

-6.177 
-.918 
3.825 
-1.534 

.143 
-1 .379 -. 145 
- 1 .069 

.402 

-2.866 
-1.145 
-2.08 1 
-1 .325 -. 332 
2.429 
-. 074 
-1.131 
- .075 

-1 .355 - 1 .040 
- "" 

~~~~ 

2 

172.430 

8.058 
3.662 
-1.768 

-16.088 
4.066 
-1.670 
4.044 
2.715 

9.196 
.469 

3.353 
2.343 
3.545 
.514 
.861 

-5.883 
-1.143 
2.875 
-.213 
1.093 

.370 
-2.007 

-1 .426 -. 726 
-1.936 
-1 .456 
-3.24 1 -. 725 - .557 -. 272 
1.625 

-1 .077 
-1.681 
-2.068 

.274 

1 
C o e f f i c i e n t s   f o r   d u t y   c y c l e  - 

~ ~~ 

3 

172.319 

9 -060 
2.598 
-2.759 

-14.980 
3.904 

3.696 
3.842 

9.227 
1 .I33 
3.663 
2.043 
1.894 
.975 - .879 

-1.763 

-6.054 
- .537 
3.212 
-2.121 
1.143 

-1.923 
-. 152 
-2.020 

.go1 

-2.530 
-2.258 
-2 -875 
-1.221 
-1.583 

.go1 
1.289 

-1 .726 
-.341 
-1.387 
-1.412 

iugus t  10 

iugus t  12 

8696 

9.467 

4 

173.212 

8.550 
2.663 
-3.197 

-16.782 
2.042 

3.693 
1.913 

8.009 
1.233 
3.502 
2.125 
2.130 
1 .345 
- .574 
-4.850 

2.523 

- .800 

- .270 
-2.538 
-. 024 
- .302 
- .506 
-1.912 

.589 

- 1 .667 
-2.379 
-3.209 
-2.209 -. 630 

.638 

.249 

.153 
-2.310 
-1.394 

-1.128 

5 

173.826 

8.586 
2.828 
-1.653 

-16.651 
2.581 

2.896. 
2.162 

8.338 

3.571 
1.401 
3.256 

-. 832 

1 *533 

- .052 - .350 
-6.422 
-1.082 
1.797 

-2.245 
-.073 
.005 

-2.420 
-2.050 
-1.078 

-1.552 
-2.772 
-3.015 
-1.963 - .602 

.554 
1.785 
"233 
1.267 

-1.540 
-1.108 

6 

173.106 

7.696 
1.766 

-1.307 

-16.627 
2.602 
-1.518 
3 - 589 
1.223 

7.603 
.395 

3.132 
1.633 
1.874 

-1 - 357 -. 678 

-5.97 1 - .248 
1.178 

.302 

.348 

.043 

-1.104 
-1 .TO8 
- 1 .692 

.607 

2.175 

- .540 
- .984 
-2.892 

-2.114 

-. 253 
-2.198 - .050 

-952 
-. 396 

Monthly 
average  

172.860 

8.535 
2.689 
-2.358 

-16.074 
2.777 

3.477 
' 2.619 

8.473 
.853 

3.392 
1.997 
2.358 
.704 

-.610 

-1.203 

-5.984 
- -599 
2.637 
-1.537 

.394 
-1.008 
- .278 
-1.992 

.115 

-2.053 
-1.883 
-2.645 
-1 .555 - .506 -. 079 
1.695 

-1..090 
- .209 

-1 .336 
- .886 

i ugus t  22 

August 31 iugus t  24 

August 2 

10.016 9.091 

45  942  6913 
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n 

- 

0 

1 
1 

2 
2 

2 

3 
3 

3 

3 

4 
4 

4 

4 

4 

5 
5 

5 

5 

5 

> 

- 

7 

m (  

_" 
0 

0 
1 

0 
1 

2 

0 
1 

2 

3 

0 
1 

2 

3 

4 

0 
1 

2 

3 

4 

TABLE 111.- C O E F F I C I E N T S  OF SPHERICAL  HARMONIC  REPRESENTATION 

AT TOP  OF  ATMOSPHERE 

2 o e f f i c i e n t  

C 

C 
C 
S 

C 
C 
S 
C 
S 

C 
C 
S 
C 
S 
C 
S 

C 
C 
S 
C 
S 
C 
S 
C 
S 

C 
C 
S 
C 
S 
C 
S 
C 
S 
C 
S 

T 
1 

'35.632 

12.347 
5.021 

-3.795 

-22.805 
3.196 

4.036 
5.171 

12.685 
. I 0 2  

5.219 
3.700 
3.352 
2.442 

-1  .O48 

-2.39 1 

-9.951 
-1 .479 

6.161 
-2.47 1 

.231 
-2.221 -. 234 
-1 .722 

.648 

-5.005 
-2.000 
-3.634 
-2.314 
-. 580 -. 129 
4.242 

-1 .976 
-. 131 

-2.366 
-1.816 

C o e f f i c i e n t s  f o r  d u t y  cycle - 

2 

?34.822 

11.166 
5.074 

-2.450 

-23.065 
5.830 

5.798 
3.892 

13.866 
.707 

5.056 
3.533 
5.345 

.775 
1.299 

-2.394 

-9.476 
-1.841 

4.632 

1 .760 
-3.233 

.596 

-. 342 

-2.297 
-1 .I69 

-3.381 
-2.542 
-5.66 1 
-1 .266 
-. 973 - .475 
2.837 

- I  .881 
-2.936 
-3.612 

.478 

3 

34.67 1 

12.554 
3.600 

-3.824 

-21 .476 
5.597 

-2.528 
5.299 
5.509 

13.913 
1.708 
5.524 
3.080 
2.856 
1 .470 

-1 .326 

-9.751 -. 865 
5.174 

1.840 
-3.416 

-3.098 
-. 244 

-3 253 
1 .452 

-4.418 
-3.944 
-5.020 
-2.133 
-2.765 

1.574 
2.250 

-3.015 
-.595 

-2.423 
-2.465 
-. 

4 

235.887 

11.847 
3.690 

-4.430 

-24.060 
2.927 

5.295 
2.743 

12.077 
1.859 
5.281 
3.205 
3.212 
2.028 

- I .  I46 

- -865 

-7.813 
-.435 
4.065 

-4.089 
- -039 - .487 
-.815 

-3.080 
.949 

-2.911 
-4.155 
-5.604 
-3.858 
-1 .099 
- 1 .970 

1.114 
.434 
.267 

-4.034, 

"" -2.435~ ~ .. 

5 

3 6 . 7 2 3  

11.897 
3.918 

-2.290 

-23.872 
3.700 

-1.193 
4.153 
3.100 

12.572 
2.31 1 
5.385 
2.113 
4.910 

- 527 
- .078 

-10.344 
-1 -743 

2.894 
-3.616 -. 118 

.009 
-3.298 
-3  303 
-1.737 

-2.710 
-4.840 
-5.265 
-3.428 
-1.051 

.968 
3.117 - .407 
2.212 

-2.690 
-1.936 

- ~ 

6 

235.744 

10.663 
2.447 

-1.810 

-23.838 
3.730 

-2.177 
5.145 
1.753 

11.464 
.595 

4.723 
2.462 
2.826 

-1.022 
-2.046 

-9.618 
- .399 
1 .898 -. 870 

.487 

.560 

.069 

-1.585 

-4.659 

-1 -929 
-2.984 
-2.956 
-3.692 

1.060 
-.441 
3.799 

-3.839 - .O88 

1 

Ylonthly 
werage 

235.408 

11.827 
3.725 

-3.267 

-23.046 
3.982 

-1.725 
4.985 
3.755 

12.776 
1.286 
5.114 

3.556 
1.061 

3.01 1 

- .920 

-9.639 
- -965 
4.248 

-2.477 
.635 

-1 .623 
- .442 

-3.209 
. I85 

-3.585 
-3.288 
-4.619 
-2.716 

-.I39 
2.960 - 1 .go4 
"365 

-2.334 
-1 .547 

- .884 
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TABLE 1V.- DEGREE DISPERSION 

n 
1 2 3  4  5  6 Monthly 

average 
I 

7.70 

12.40 

172.43 
9.03 

17.37 
10.73 
7.22 
5.32 

234.82 
12.51 
24.91 
16.18 
11.63 
9.28 

(a) Satellite  altitude 

172.32 

17.43 16.47 
9.25 8.00 9.19 9.51 9.82 

172.86  173.11  173.83 173.21 

4.91 4.75 5.67 5.75 5.77 
7.12 6.85 7.87  6.38 7.85 
9.72 8.73 9.86 9.44 10.46 

16.93 17.32 17.25 

(b) Top of atmosphere 

234.67 
13.61 
23.61 
15.77 
12.65 
10.07 

235.89 
13.18 
24.99 
14.24 
10.28 
10.04 

236.72 
12.73 
24.74 
14.87 
12.67 
9.90 I 235.74 

11 .og 
24.83 
13.17 
11.04 
8.29 

235.41 
12.82 
24.27 
14.65 
11.47 
8.53 
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Figure 1.- Earth-satellite geometry. 
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F igure  2.- Degree var iance   for   Augus t  2-4, 1975. 
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